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An equation is derived for  the t r a j ec to ry  of a light r ay  through a lenticular  medium where the 
ref rac t ive  index dec reases  with increasing distance f rom some line, but not according to the 
square law, and an approximate solution to this equation is found for the cases  of constant 
curvature  and oscil lat ing curva ture  of that line. 

The propagation of e lec t romagnet ic  waves within the optical range of the spec t rum through an e lec-  
t r ica l ly  neutral  medium with a slowly varying re f rac t ive  index is descr ibed,  without accounting for dif-  
fractive and quantum effects ,  by the well-known equation of an eikonal: 

d 
ds (ns) = vn. 

We w ill consider  a medium whose re f rac t ive  index n is constant and equal to n o along some given 
line l in space but var ies  with the distance 0 f rom this line: 

n = n  0+q~(o); ~(P)}I=O: 

The medium may be any continuous one and the function ~(p) is generated by some technical p rocess  such 
as heating, for example. 

The following equation has been derived in [1] 

d2r d In n ~, -r r R~ 

d z  ~ - dr '  r . . . .  R--~. (1) 

to descr ibe  the propagation of the center  r ay  in a light beam through media with such a re f rac t ive  index. 

Introducing here  the sys tem of local coordinates 

r - . v  . . . . . .  R , .  : geq 

(with the unit vector  ey  and the orthogonal vector  Rc) , we obtain the following sys tem of equations: 

d2x d ln n ~, ~ x i 

dz"- d I I" R~ ; 

dZy _ d ln n o=,- y 
de 2 do ~ -  " 

(2) 

These equations are  valid for any function ~ = ~(p). If ~ is a quadratic function of p, then the medium 
is called aber ra t ion less .  The case of an aberra t ionless  medium has been analyzed thoroughly in [1]. The 
equations for the t r a j ec to ry  of a r ay  a re  l inear  then. If ~ is a nonquadratic function of ~;, however,  then the 
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medium is cal led abe r ra t iona l  and the equations become nonl inear ,  which compl ica tes  the p rob lem.  In 
this s tudy the authors  will analyze  the abe r r a t i ona l  case ,  name ly  a medium with so -ca l l ed  spher i ca l  a b e r -  
ra t ion.  We s t ipula te  ~0(0) as follows: 

2 ~- ~ p4; r162 > 0 (3) 

assuming  the speci f ic  convergence  of the s t ruc tu re  a and the so -ca l l ed  abe r ra t ion  p a r a m e t e r  ~ to be of 
such magnitudes that 

where  r 0 denotes some ef fec t ive  radius  in the medium.  We will a lso  a s s u m e  that  the cu rva tu re  of l ine l 
is only sma l l ,  n a m e l y  

r~ <<1. 

p , o  

s y s t e m  (2) becomes  

d2x 

dz 2 

On this p r e m i s e ,  

- -  = - -  c~x + I~ (x  ~ + g*) x + 
1~o (z) 

d2g ay + ~ (x ~ + y~-) y. 
dz 2 

(4) 

We will now cunsider  only the project ion of the r a y  t r a j e c t o r y  on the inflection plane y = 0 of line l, 
so  that Eqs .  (4) reduce  to the equation 

d2x 1 
- - -  ax  + ~x ~ + -  (5)  
dz ~ R~ (z) 

With the cu rva tu re  of line I given as  F(z) = 1 /Rc(z )  and with the initial conditions 

X [z=O ---~ Xo, 

dx ~-o (6) 

we can now solve Eq. (5). 

Le t  us analyze  Eq. (5) for two specia l  cases  of function F(z). Since this equation is nonl inear ,  but 
its nonl inear i ty  has been a s s um ed  "weak,"  hence it may  be analyzed by the methods of nonl inear  mechanics .  

1. Constant  Curva tu re ,  F(z) = 1/R~ . The equation becomes  

d~x - -  ~x -t- 13-r a-)" 1 (7) 
dz" R ~ 

It can be analyzed e i the r  by the Moiseev method [2] o r  by changing the var iable  accord ing  to Hayasi  [3], 
and then be reduced to the well-known Duffing equation. Inasmuch as both approaches  yield the s a m e  r e -  
suit ,  to the f i r s t  approximat ion ,  we will take the second s imp le r  one. We change to a new var iab le  u 
= x + 1/aR~ and d i s r e g a r d  all  t e r m s  fi/,((~R0c )2, fi/(aR0c )3 of h i g h e r - o r d e r  sma l lne s s .  Now Eq. (7) becomes  

( , 3u~ ) 
dz 2 

and the solution to this one, to the f i r s t  approximat ion ,  can be wri t ten as in [4] 

u = w c o s  ]/r~ 81/-~ z + C  , (8) 

with a constant  ampli tude w and with the f requency depending on the ampli tude so as not to r e su l t  in i so-  
chronous osci l la t ions .  Relation (8) indicates that osci l la t ions of the light r a y  will be sinusoidal  with a de -  
c r ea s ing  per iod  when the p a r a m e t e r  fl is negat ive and with an increas ing  per iod when it is pos i t ive ,  # = 0 
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r e p r e s e n t i n g  the a b e r r a t i o n l e s s  c a s e .  W i t h  the  i n i t i a l  cond i t ions  a s  s t i p u l a t e d  in (6), it  i s  not  d i f f i cu l t  to 

f ind the  m a x i m u m  d e f l e c t i o n  of the l igh t  r a y  f r o m  the c u r v e  F(z)  = 1/R~ . 

Equa t ion  (7) be longs  to the c l a s s  of  d i f f e r e n t i a l  equa t ions  w h o s e  so lu t i ons  a r e  c o n s t a n t s ,  a s  it  is  we l l  

known [5] tha t  for  e q u a t i o n s  of  the kind 

@ (x  (n), x ( ' - i )  . . . . .  x' ,  x, z) - i  G (x) -~- B = 0, (9) 

wi th  @1 x = c o n s t  = 0, G(x) ~ 0, and  B r 0, the  i n i t i a l  c ond i t i ons  

xl~=0 = ~ ;  ~'!~=0 . . . . .  ~(~-~>L:0 = 0 ( i 0 )  

r e p r e s e n t  s o l u t i o n s  to Eq.  (9) if  x i a r e  the  r o o t s  of the  equa t ion  

G (x) + B = 0. 

Th i s  s [ m p I e  fac t  in the t h e o r y  of d i f f e r e n t i a l  equa t ions  l e a d s  to a v e r y  i n t e r e s t i n g  c o n s e q u e n c e  h e r e :  l e t  us 
i m p o s e  on Eq.  (7) the  in i t i a l  cond i t i ons  

dx I 
x/~:0 = x~; ~z - t  : 0; 

i !2== 0 

and l e t  x i be  the r o o t s  of the  equa t ion  

X 3 - - - -  _ _ _  x : . . . . . .  0 .  

Since  th i s  is the  t h i r d - d e g r e e  equa t ion  in x ,  h e n c e  a t  l e a s t  one r o o t  m u s t  be r e a l .  The  e x i s t e n c e  of such  
a r o o t  i n d i c a t e s  tha t  a r a y  f r o m  poin t  x 1 t a n g e n t  to the  c u r v e  F(z)  = 1/R~ wi l l  p r o c e e d  c o n g r u e n t l y  to  th is  
c u r v e .  Wi th  a s m a l l  d i s p l a c e m e n t  5 f r o m  x 1, the  r a y  wi l l  o b v i o u s l y  o s c i l l a t e  abou t  the  c u r v e  R~ + x 1 a t  an 
a m p l i t u d e  a p p r o x i m a t e l y  equal  to  5. F o r  an a b e r r a t i o n l e s s  m e d i u m  th i s  c o n s t a n t  so lu t i on  is obv ious ly  

equal  to 1 / a R ~  . 

2. O s c i l l a t i n g  C u r v a t u r e .  F o r  th i s  c a s e  we s t i p u l a t e  funct ion F(z)  a s  

and  E q. (5) t a k e s  the  f o r m  

1 
F ( z ) =  ~ s i n v z  

Rc 

d"-x 1 
a x  -k [8x 3 -}- V sin vz .  (11) 

d z  2 R c  

F o r  the  a s s u m p t i o n s  made  wi th  r e s p e c t  to  a ,  /~, and R e ,  Eq.  (11) is the  s t a n d a r d  equa t ion  of  n o n l i n e a r  
m e c h a n i c s  wi th  s m a l l  p a r a m e t e r s  and an " e x t e r n a l  p e r i o d i c  f o r c e . "  It is  known [4], tha t  in the  p r e s e n c e  
of  an e x t e r n a l  p e r i o d i c  f o r c e  t h e r e  is a r e s o n a n c e  and a n o n r e s o n a n c e  c a s e .  In the n o n r e s o n a n e e  c a s e  the  
e f f ec t  of the  e x t e r n a l  f o r c e  a p p e a r s  only  in the  s e c o n d  a p p r o x i m a t i o n ;  in the  f i r s t  a p p r o x i m a t i o n  the p e r -  
t u r b i n g  fo rce  can be n e g l e c t e d .  In the r e s o n a n c e  c a s e  t h e r e  is  only  the  p r i n c i p a l  r e s o n a n c e  a = v 2. S ince  
it is th i s  c a s e  which  m a k e s  the  m a i n  c o n t r i b u t i o n  to the d i s t u r b a n c e  of  the  b e a m ,  we c o n s i d e r  Eq.  (I1) 
fo r  v = ~fa. The  so lu t ion  to  (11) in the f i r s t  a p p r o x i m a t i o n  can be w r i t t e n  in the f o r m  [4, 6] 

x =  A s i n v z  ' 18A3 . . . .  (sin vz - sin 3vz) (12) 
32v 2 

w h e r e  the  a m p l i t u d e  A is d e t e r m i n e d  by  the r e l a t i o n  

3 1 3 A 3  I - 0. (13) 
4 R~ ~ 

Solu t ion  (12) is  bounded ,  unl ike  the  s o l u t i o n  to Eq.  (11) for  the  r a y  t r a j e c t o r y  in an a b e r r a t i o n l e s s  m e d i u m  
(~ = 0) a t  r e s o n a n c e  

X - -  2=R0 [ ~  z cos K g z  - -  sin ~'s 

1313 



the la t ter  yielding an unbotmded ray  deflection f rom the curve F(z) = sin v z / R ~  . 

Thus, the stabil i ty of light rays  propagated through certain aberrat ional  lenticular media is higher 
than in media with a square- law relation for the ref rac t ive  index. Accordingly,  it is somet imes  preferable  
to produce synthetic lens mater ia ls  with nonquadratic charac te r i s t i c s .  

n is 
s is 
s is 
l is 
p is 
r is 
z is 
R e is 
x is 
y is 
c~ is 

is 

N O T A T I O N  

the refract ive  index; 
the a r c  length; 
the unit vector tangent to the ray  t ra jec tory ;  
a line in space; 
the distance from line l; 
the r ad ius -vec to r  of a point on the ray;  
the curvi l inear  longitudinal coordinate on line l; 
the radius of curvature  of line l; 
the radial  coordinate in the direction of Rc; 
the coordinate in the direction perpendicular  to R c and s; 
the specific convergence of the s t ructure;  
the aberra t ion parameter .  

1~ 
2. 
3. 
4. 

5. 
6. 
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